These labelings, introduced by Simanjuntak et al. in [14] , are natural extensions of the concept of magic valuation, studied by Kotzig and Rosa [12] (see also [2, 8, 9, 13, 16] ), and the concept of super edge-magic labeling, defined by Enomoto et al. in [7] . Many other researchers investigated different forms of antimagic graphs. For examples, see Bodendiek and Walther [5, 6] , and Hartsfield and Ringel [10] .
In this paper we investigate the existence of super edge-antimagicness for disconnected graphs. Ivančo and Lučkaničová [11] described some constructions of super edge-magic total (super (a, 0)-edge-antimagic total) labelings for disconnected graphs, namely, nC k ∪ mP k and K 1,m ∪ K 1,n . Super (a, d)-edge-antimagic labelings for P n ∪ P n+1 , nP 2 ∪ P n and nP 2 ∪ P n+2 have been described by Sudarsana et al. in [15] .
We are studying the following problem: If a graph G is super (a, d)-edge-antimagic total, is the disjoint union of multiple copies of the graph G super (a, d)-edge-antimagic total as well? We will answer this question for the case when the graph G is either a cycle or a path.
Two useful lemmas
We start this section with a necessary condition for a graph to be super (a, 
From the last inequality we obtain the desired upper bound for the difference d.
The following lemma, proved by Figueroa-Centeno et al. in [8] , proves a necessary and sufficient condition for a graph to be super edge-magic (super (a, 0)-edge-antimagic total). 
Lemma 2 ([8]). A (p, q)-graph G is super edge-magic if and only if there exists a bijective function
In our terminology, the previous lemma states that a (p, q)-graph G is super (a, 0)-edge-antimagic total if and only if there exists an (a − p − q, 1)-edge-antimagic vertex labeling.
mC n
In [4] , it is proved that the cycle C n has a super (a, d)-edge-antimagic total labeling if and only if either (i) d ∈ {0, 2} and n is odd, n ≥ 3, or (ii) d = 1 and n ≥ 3. Now, we will study super edge-antimagicness of a disjoint union of m copies of C n , denoted by mC n . For m > 1, it is the disconnected graph with vertex set V(mC n ) = {x
If the disjoint union of m copies of C n is super (a, d)-edge-antimagic total then, for p = q = mn, it follows from Lemma 1 Proof. Assume that mC n has a (a, 1)-edge-antimagic vertex labeling f : V(mC n ) → {1, 2, . . . , mn} and W = {w(uv) : uv ∈ E(mC n )} = {a, a + 1, a + 2, . . . , a + mn − 1} is the set of the edge-weights. The sum of the edge-weights in the set W is
In the computation of the edge-weights of mC n , the label of every vertex is used twice. The sum of all vertex labels used to calculate the edge-weights is then equal to
Then combining (1) and (2) gives the equation
and, from (3), it immediately follows that
The minimum edge-weight a is an integer if and only if m and n are odd. Now, define the vertex labeling f 1 : V(mC n ) → {1, 2, . . . , mn} in the following way:
if i is odd, 1 ≤ i ≤ n − 2, and j is odd
and j is even
We can see that the vertex labeling f 1 is a bijective function. The edge-weights of mC n , under the labeling f 1 , constitute the sets
and j is even ,
Hence, the set 
The sum of all vertex and edge labels used to calculate the edge-weights is equal to the sum of edge-weights:
which is obviously equivalent to the equation
If d = 0 then, from (5), it follows that a = 5mn+3 2
. The value a is an integer if and only if m and n are odd.
In the previous theorem we proved that the vertex labeling f 1 is a ( 
Since a is an integer, it follows that m and n must be odd. We construct a total labeling f 2 as follows:
The total labeling f 2 is a bijective function from mC n onto the set {1, 2, . . . , 2mn}. The edge-weights of mC n , under the labeling f 2 , constitute the sets
: if 1 ≤ i ≤ n − 2, and j is odd ,
: if 1 ≤ i ≤ n − 2, and j is even ,
It is not difficult to see that the set
, . . . , , 2)-edge-antimagic total labeling. This concludes the proof.
Theorem 4.
The graph mC n has a super (2mn + 2, 1)-edge-antimagic total labeling, for every m ≥ 2 and n ≥ 3.
Proof. Assume that mC n has a super (a, 1)-edge-antimagic total labeling f : V(mC n ) ∪ E(mC n ) → {1, 2, . . . , 2mn} and W = {w(uv) : uv ∈ E(mC n )} = {a, a + 1, a + 2, . . . , a + mn − 1} is the set of edge-weights.
Putting d = 1, Eq. (5) gives a = 2mn + 2 and this is an integer for all m and n, m ≥ 2 and n ≥ 3.
Construct the bijection f 3 : V(mC n ) ∪ E(mC n ) → {1, 2, . . . , 2mn} as follows:
The edge-weights of mC n , under the labeling f 3 , constitute the sets
Hence, the set We summarize these results in the following theorem. 
m P n
In [3] , it is shown that the path P n , n ≥ 2, has a super (a, d)-edge-antimagic total labeling if and only if d ∈ {0, 1, 2, 3}. Let us now consider a disjoint union of m copies of P n and denote it by mP n . The graph mP n , m > 1, is disconnected with vertex set V(mP n ) = {x mP n is super (a, d) -edge-antimagic total, p = mn and q = (n − 1)m, then Proof. Case 1. n odd.
From Lemma 1, it follows that if
Let us construct a vertex labeling f 4 of mP n , m ≥ 3 and n ≥ 3, in the following way:
, if i is even and j is odd
, if i is even and j is even
We can see that the vertex labeling f 4 is a bijective function from V(mP n ) onto the set {1, 2, . . . , mn}. The edge-weights of mP n , under the labeling f 4 , constitute the sets
: if 2 ≤ i ≤ n − 1, and j is even .
Hence, the set For m ≥ 3 and n ≥ 2, define the bijection f 5 : V(mP n ) → {1, 2, . . . , mn} as follows:
if i is even and j is odd
if i is even and j is even
Then for the edge-weights of mP n we have:
: if 2 ≤ i ≤ n − 1, and j is odd , Next, we restate the following theorem that appeared in [2] . In the next theorem we present a construction of a (m + 2, 2)-edge-antimagic vertex labeling of mP n .
Theorem 9.
The graph mP n has a (m + 2, 2)-edge-antimagic vertex labeling, for every m ≥ 2 and n ≥ 2.
Proof. Now, for m ≥ 2 and n ≥ 2, consider the following function f 6 : V(mP n ) → {1, 2, . . . , mn}, where if 1 ≤ i ≤ n and
We conclude that f 6 is a bijective function and the edge-weights, under this function, constitute the set 
d} is the set of edge-weights.
In the computation of the edge-weights of mP 2 , the label of each vertex and each edge is used once. The sum of all vertex and edge labels used to calculate the edge-weights is equal to the sum of the edge-weights. Thus the equation
is equivalent to the equation , 4 -edge-antimagic total labeling in the following way: 
Conclusion
In this paper we studied the following problem: If a graph G is super (a, d) 
